A variation on the abelian Higgs model, with SU(2) global × U(1) local symmetry broken to U(1) global , was recently shown by Vachaspati and Achúcarro [1] to admit stable, finite energy cosmic string solutions even though the manifold of minima of the potential energy does not have non-contractible loops. Here we describe the most general solutions in the Bogomol'nyi limit, both in the single vortex case and the multi-vortex case. The single vortex solution depends on one complex parameter and coincides with that of Hindmarsh [2] ; it may be regarded as a hybrid of a Nielsen-Olesen vortex and a CP 1 lump. The gravitational field of the vortices considered as cosmic strings is also obtained. Finally, monopole-like solutions interpolating between a Dirac monopole and a global monopole surrounded by an event horizon are found.
Introduction
It is often stated that a necessary condition for the existence of stable cosmic string solutions with finite energy per unit length is that "the manifold of minima of the potential energy contains non-contractible loops". This condition is not sufficient, as is well known by now [3] . For example, there are no such solutions in a pure scalar theory with the standard Mexican hat potential. In a recent paper, Vachaspati and Achúcarro [1] have constructed a model which shows that it is not necessary either. Their model has a vacuum manifold which is topologically S 3 but nevertheless admits vortex solutions. This comes as something of a surprise, since one would expect that the field at infinity would be free to unwind in S 3 . However, it is necessary to take into account the contribution to the total energy per unit length from spatial gradients. In order to unwind, the field would have to pass through configurations with infinite gradient energy.
Vachaspati and Achúcarro considered the coupling of a two complex component Higgs
to an abelian gauge field A µ via the following matter Lagrangian:
which arises from the standard electroweak model by setting the SU(2) gauge coupling constant to zero. Here D µ = ∂ µ − ieA µ and the metric has signature (−, +, +, +). The Lagrangian (1) has a global SU(2) symmetry as well as a local U(1) symmetry, under which the scalar field changes as Φ → e iψ Φ. When the Higgs field acquires a non-zero vacuum expectation value the symmetry is broken to a global U (1) . The vacuum manifold is the 3-sphere given by |Φ| = η, which has no non-contractible loops. However, the requirement that the gradient energy density falls off sufficiently fast further restricts the field at infinity to lie on a gauge orbit, i.e. a U(1) orbit of S 3 , or more precisely a circle lying on S 3 .
Assuming cylindrical symmetry, a string solution may be found by making a simplifying ansatz [1] , equivalent to setting φ 1 = f (r)e iθ , φ 2 = 0 and all A µ = 0 except for A θ = A θ (r).
Here r and θ are the usual polar co-ordinates on the 2-plane perpendicular to the string. At infinity, the field configuration is
provided that f (r) → η, which winds once around a gauge orbit of the vacuum manifold.
The equations for f and A θ are exactly the equations arising in the Nielsen-Olesen model and so admit the usual solution, now embedded into the larger semi-local model. Ref. [1] deals mainly with the critical limit λ = e 2 , where the Higgs mass equals the mass of the gauge field. In the standard model, this gauge field corresponds to the field of the Z particle.
In the critical limit, the winding number of the Higgs field around the U(1) orbit at infinity determines the energy of the solution. Finding solutions of a given energy reduces to solving the first order Bogomol'nyi equations.
The ansatz above has been generalized by Hindmarsh [2] . In the case of critical coupling he finds a family of single string solutions labelled by a complex parameter. When this parameter vanishes, one obtains the embedded Nielsen-Olesen solution. When it is nonzero, the solutions may be regarded as a hybrid of a Nielsen-Olesen vortex and a CP 1 lump.
Hindmarsh also studies the stability of these solutions away from the critical limit.
In this paper, we shall mainly work in the Bogomol'nyi limit λ = e 2 . In Sect. 2, we re-examine the flat space Bogmol'nyi equations. Following an argument employed by Taubes in the standard abelian Higgs model, we derive the complete set of 2+1 dimensional static multi-vortex (parallel cosmic string) solutions to these equations, making no further symmetry assumptions. In the 1-vortex case we recover the solutions described above. Since these vortices may serve as a model for cosmic strings, we turn in Sect. 3 to a consideration of their gravitational fields. We give a Bogomol'nyi bound for the deficit angle in terms of the winding number and the vacuum expectation value of the Higgs field at infinity. We also discuss the nature of the solutions of the Einstein-Maxwell-Higgs equations in the critical limit.
The Lagrangian (1) does not admit non-singular monopole solutions in the usual sense.
However, it does admit singular monopole solutions which are a modification of the Dirac monopole by the additional Higgs fields. The energy density of the Higgs fields falls off as slowly as it does in the case of a global monopole. This means that in flat space it would have infinite total energy. When coupled to gravity it gives rise to an asymptotically conical spacetime. Such objects are probably of limited interest for particle physics but may have applications to cosmology. In Sect. 4 we consider the gravitational field of these monopoles, including the case when the singularity at the origin is hidden inside a black hole.
2 Semi-local strings in flat space: the Bogomol'nyi limit
We begin by examining the static flat space string solutions in the Bogomol'nyi limit, generalizing the work of [1] and [2] . Imposing translational symmetry, the strings are all parallel, and the problem reduces to one of vortices in 2+1 dimensions. The corresponding criticallycoupled problem in the standard abelian Higgs model, with only one Higgs field, has been completely analysed by Taubes [4] . Taubes showed that in the nth topological sector the solutions are labelled by the choice of n unordered points in the plane; these are the points where the Higgs field vanishes, and for large separations they may be identified as the positions of the vortices. Here we shall find a similar space of solutions, though with additional parameters describing extra degrees of freedom besides position. We shall extensively invoke
Taubes' results in our analysis.
It is convenient to work with dimensionless quantities. Accordingly, in this section we make the replacements
and introduce the parameter α = λ/e 2 . Working in the gauge A 0 = 0, we seek the stationary points of the static energy functional
where the energy density ̺ is given by
and the index i = 1, 2 labels the coordinates transverse to the string. D i is now defined as
Finiteness of E implies the boundary conditions
and
where the limits are approached faster than O(|x| −1 ). The first of these conditions means that on the circle at infinity, S The global SU(2) symmetry allows us to assume, without loss of generality, the particular asymptotic form
at |x| → ∞, which corresponds to a specific choice of fibre. We denote by n the winding around the fibre, i.e. the winding number of the map
The total magnetic flux through the plane is then [using (3) and Stokes's theorem]:
The static energy density may be rewritten in the usual way as a sum of squares, a term proportional to the potential and a total divergence [5] :
with ε ij = −ε ji , ε 12 = 1 and
Specializing to α = 1, one obtains
with equality if and only if the Bogomol'nyi equations
are satisfied, the upper and lower signs corresponding to n > 0 and n < 0 respectively.
Their solutions minimise the static energy, so automatically satisfy the full second-order static equations. In the standard abelian Higgs model with only a single Higgs field, Taubes has shown that the converse is also true [4] . A similar proof works here too, so that to study the static theory it suffices to consider just the first order Bogomol'nyi equations. In the following we assume n > 0 and take the upper signs.
Consider first points of the plane at which φ a = 0. The first equation (6) may then be rewritten as
where we have introduced the complex notation z = x 1 + ix 2 and A = 1 2
difference of these equations yields
so that the ratio
is locally analytic in z. From the remaining Bogomol'nyi equation (7) -using (8) to eliminate A i , and writing f = ln |φ 1 | 2 -we obtain:
Now let us consider the zero set of φ 1 . As described in [4] , an application of the∂-Poincaré lemma shows that for smooth solutions of (8), φ 1 has zeros at discrete points in the plane, with local behaviour in the neighbourhood of a zero z 0 of multiplicity n 0 given by
h being a smooth, non-vanishing function of x. Moreover, the boundary condition on φ 1 means that there are precisely n zeros (counted with multiplicity) [4] . Let us denote these zeros by z r (r = 1, . . . n). Since by (4), w(z) vanishes at infinity, it follows that
where
is a polynomial of at most order n−1, possibly sharing roots with P n (z); if it does, then w(z)
is defined at these points by continuity. Recalling (11) , and noting that in two dimensions
we see that the extension of (10) to all points of IR 2 is
with w(z) as in (12) .
Our problem is thus reduced to analysing the solutions of (14). It is convenient to introduce the quantity
so that (14) becomes
with "source" term
The standard abelian Higgs model has Q n = 0, hence ρ = 4π
In this case Taubes has proved the existence and uniqueness of the solution of (16) for any choice of the x r [4] . A minor modification of his work does the same in our more general problem. In analogy with [4] , we define
where µ > 0 is for the moment arbitrary. Setting u = u 1 + v then gives
(18) is the variational problem associated with the functional
Taubes' method for Q n = 0 rests essentially on showing: (i) that a(v) is strictly convex, and (ii) that for a large enough ball in function space, the normal derivative of a(v) on the boundary of the ball is positive; together (i) and (ii) imply the existence of a unique minimum of a(v). When Q n = 0 these results still hold. For (ii) one must check the inequalities [4] 1 − g 0 > c for some c ∈ (0, 1)
Noting that
, it is clear that for a given P n and Q n , the inequalities (19) can be satisfied for a sufficiently large µ.
We conclude then that for every choice of complex polynomials P n and Q n , a unique solution exists. Using (9), (11) and (15), the Higgs field may be reconstructed from u via
up to gauge transformations 2 . A i is then given by (8) . The moduli space of solutions (i.e. identifying gauge equivalent configurations) is thus just C 2n , the 4n-dimensional space parametrised by the coefficients of P n and Q n , {p k , q k : k = 0, 1, . . . , n − 1}.
When n = 1 we recover the single soliton solutions of [2] , and a fortiori that of [1] .
The solutions are labelled by the two complex parameters p 0 = −z 1 and q 0 . Let us write z − z 1 = re iθ so that (r, θ) are polar co-ordinates in the plane centred at z 1 . u is then a function of r only and (16) reduces to an ordinary differential equation. The expression (20) for the Higgs field becomes
This is the form of the ansatz made by Hindmarsh [2] . It corresponds to a vortex-like structure centred at z 1 , with size and orientation determined by the complex parameter q 0 .
If q 0 = 0, the Higgs field is non-zero at z 1 and approaches its asymptotic values like O(r −2 ). 
The solution of (16) is therefore u ≃ 0 so the Higgs field lies on the vacuum manifold S 3 :
As remarked before, the action of the U(1) symmetry fibres this S 3 as a circle bundle over A general n-soliton configuration may, at least for separations much larger than the soliton sizes, be regarded as an approximate superposition of n 1-solitons. The 4n dimensions of the moduli space are accounted for, roughly speaking, by the positions of the solitons and their sizes and internal phases. If we fix the scale parameters q k to be zero, we recover the usual 2n-dimensional moduli space of abelian Higgs vortices, C n .
Given the moduli space of static solutions, one is in a position to understand the scattering of the solitons. At low energies the dynamics should be well-approximated by geodesic motion on the moduli space equipped with the metric induced by the field kinetic energy [6] . One would expect to find similarities with the corresponding analyses of abelian Higgs vortices [7] and lumps [8] .
The generalization of the results to a theory with an p-component Higgs field, remarked upon in [2] , is straightforward. The vacuum manifold is now S 2p−1 . This is a U(1) bundle over CP p−1 and again the asymptotic Higgs field must wind round one of the fibres. The expression for the Higgs field is the obvious generalization of (20), and the n-soliton moduli space is C pn .
Semilocal strings in curved space
We now turn to a consideration of the gravitational properties of the solitons of the previous section, regarded as cosmic strings. We work with the usual Einstein-Hilbert action
where L is the matter Lagrangian (1) with now all derivatives taken to be covariant and the metric appearing as a dynamical variable.
Letting the string lie along the x 3 -axis and assuming boost invariance in the (t, x 3 )-plane, the most general form of the metric is [9] 
where W and h ij are functions of x i only. Being 2-dimensional, the metric on the sections transverse to the string admits a Kähler form which we denote ε ij , ε j i the complex structure. In complex local co-ordinates we have
with Ω the conformal factor,
The only non-vanishing components of the Einstein tensor G µν = R µν − 1 2 g µν R are
where K is the Gauss curvature of h ij and ∇ i is the covariant derivative with respect to h ij .
Following the arguments in [10] , it can already be shown that the total deficit angle is positive, provided the energy density is non-negative. Consider Einstein's equations, which in our conventions read G µν = 8πGT µν and look at the 00-component. With the help of (22) it can be cast as
The topology of the transverse sections will in general be that of a 2-disc so that the GaussBonnet theorem gives
with δ the deficit angle. Integrating by parts and discarding a boundary term, we then conclude that
Using that the Kähler form ε ij is covariantly constant, the energy density can be rearranged as in (5) . The only difference is that now ε ij involves the metric coefficients h ij and that instead of the ordinary derivative ∂ i we have the covariant derivative ∇ i . It thus follows that for field configurations with boundary conditions (2-3) and α ≥ 1,
n being the topological number entering in the flux.
From (5) and (23) it follows that for α ≥ 1, the configuration realizing the bound in (24) has α = 1 and satisfies the Bogomol'nyi equations
and the Einstein equations. From equality in (23) we deduce that W is a constant, which can always be taken equal to one by suitably choosing coordinates t and x 3 . Using (25) and (26), the energy-momentum tensor becomes
so that the Einstein equations take the form:
Eq. (25) is the same as for flat space; in complex local coordinates it takes the form (8) .
From the analysis of the previous section we know that w(z) = φ 2 /φ 1 is locally holomorphic in z and vanishes at infinity, with φ 1 having n zeros counted with multiplicity. Thus, eq.
(26) can be rewritten as
where we have used (13) for the zeros of φ 1 . As for eq. (27), we first note that for points at which φ 1 = 0, the density of energy can be cast with the help of (8) as
Secondly, we recall that in conformal coordinates the Gauss curvature K reads
Eq. (27) then becomes
Finally, to extend (29) to the zeros of φ 1 we again use (13) and obtain that
ln
is harmonic and bounded, hence a constant. Using now that at infinity w → 0 and |φ 1 | → η,
we get the following asymptotic behaviour for the conformal factor:
To see that a 2-metric with conformal factor (30) corresponds to a conical metric with deficit angle δ = 8πGnη 2 it is enough to perform the change of variables |z| α = αr, arg(z) = θ, with α = 1 − 4πGnη 2 and r and θ polar coordinates on the plane.
Semi-local monopoles
In this section we shall present a spherically symmetric monopole-like solution of our model coupled to gravity. It is a kind of hybrid structure incorporating some of the features of global monopoles with some of the features of Dirac monopoles. Note that because the theory is abelian, ∇·B = 0 everywhere if the fields are regular. Therefore any magnetic monopole must have a singularity somewhere. In flat spacetime we could simply regard our solution as a large distance approximation of some more basic theory possessing non-singular monopoles.
When gravity is included, it possesses singularities at the origin but these singularities may be hidden inside an event horizon and we shall therefore not investigate them in detail, merely confining ourselves to checking that our solution is regular outside a regular event horizon.
We shall assume that the spacetime metric is spherically symmetric and static outside a regular event horizon. We may therefore take
We now work with the original dimensionful quantities = Φ, A and x. The vector potential
A is assumed to take the form:
This represents the electromagnetic field of a Dirac monopole with the lowest possible magnetic charge, i.e. the magnetic charge g = 2π/e. Restricted to the 2-spheres t = constant and r = constant, it provides a connection on the basic Hopf bundle of Chern class 1 over the 2-sphere. The total space of this bundle is just the 3-sphere, and the projection map is just the projection onto the 2-sphere's worth of Hopf fibres.
For the Higgs field we postulate that
One readily checks that our ansatz is consistent with the coupled Einstein-Maxwell-Higgs equations and leads to a set of coupled non-linear radial equations for the functions f (r), C(r) and D(r). Note that while the Higgs component φ 2 is well-defined at the north pole θ = 0, it has a string-like singularity at the south pole θ = π. On the other hand, the component φ 1 has a string-like singularity at the north pole and is well-defined at the south pole. As for the vector potential, it has Dirac string singularities at the north and south poles. However, these two string-like singularities, both in the Higgs field and the vector potential, are gauge artifacts and may be shifted by performing a gauge transformation.
In the "σ-model limit" in which the Higgs field stays in the vacuum manifold everywhere, i.e.
f (r) = η , the radial equations for our ansatz (31) become trivial and an exact solution may be obtained. This approximation would hold rigorously if we took the limit λ → ∞. It also holds asymptotically in the large r limit. This being granted, the metric turns out to be given by
Two special cases of this metric are interesting. One is when no Higgs field is present,
i.e. the case
The solution then reduces to the well known asymptotically flat Reissner-Nordström one representing a Dirac monopole with source inside a black hole. The second special case is when the gauge field decouples, i.e. the case e → ∞ .
In this limit, the Maxwell field strength is forced to be pure gauge and the model reduces to the standard CP 1 model except that the scaling of the kinetic energy term in the Lagrangian corresponds to a 2-sphere of radius η/2. This is because we have normalized the action so that the 3-sphere has radius η in which case the the 2-sphere of Hopf fibres has radius η/2.
The metric is now no longer asymptotically flat but rather asymptotically conical in the sense described by Barriola and Vilenkin [11] , with solid deficit angle of 4π times 2πGη 2 .
The case they considered was of a Higgs field whose vacuum manifold is a 2-sphere of radius η. In the corresponding σ-model limit one can obtain an exact solution having the metric form (32), with Q = 0 and 2πGη 2 replaced with 8πGη 2 . Hence, the solid deficit angle is four times that in our metric. One can account for this difference by noting that the energy density falls off as in their case. These expressions differ by a factor of 4, which arises geometrically because of the different scalings of the kinetic term in the Lagrangian described above. Thus, in the limit e → ∞, our solution represents a global monopole hidden inside an asymptotically conical black hole. For finite values of e, as long as η = 0, the metric is also not asymptotically flat but rather asymptotically conical.
It does not seem to be possible to obtain an analytic solution in the case of finite λ.
It is, however, possible to obtain an asymptotic solution near infinity which has the same qualitative form except that the quantity Q receives a correction of order
It seems [12, 13] that global monopoles, inside or outside black holes, are unstable to the formation of strings, though the details of this process are not yet clear. In flat space this angular collapse is prevented by the presence of an SU(2) gauge field in the case of the 't Hooft-Polyakov monopole. Moreover, adding the SU(2) gauge field allows the Higgs field to be covariantly constant near infinity and hence the monopole to have finite energy. In our case we only have a U(1) gauge field so that not all of the Higgs fields can be covariantly constant near infinity and still provide a non-trivial map from the 2-sphere at infinity to the base of the Hopf fibration in the S 3 target space. Thus our monopole-like solution still has infinite energy, giving rise to an asymptotically conical spacetime. It would nevertheless still be interesting to know whether the presence of the gauge field in our solution can stabilize it against angular collapse to forming a string.
